NATIONAL ADVISORY COMMITTEE EOR AERONAUTICS 



904 



THE STRENGTH 0? THIN -WALL CYLINDERS 

0? D GROSS SECTION 

IN COMBINED PURE BENDING- AND TORSION 

By A » ¥. Sherwood 
University of Maryland 



CLASSIFIED DOCUMENT 
This document contains classified 
information affecting the National 
Defense of the United States within 
the meaning of the Espionage Act, 
USC 50:31 and 32. Its transmission 
or the revelation of its contents 
in any manner to an unauthorized 
person is prohibited by law. Infor- 
mation so classified may be impart- 
ed only to persons in the military 
and naval Services of the United 
States, appropriate civilian offi- 
cers and employees of the Federal 
Government who have a legitimate 
interest therein, and to United 
States citizens of known loyalty 
and discretion who of necessity 
must be informed thereof. 



EN 



Washington 
September 1943 



NATIONAL ADVISORY CO 



MM IT TEE JOB, AERONAUTICS 



IS CHFICAL NOTE 110 . 904 



THE STRENGTH OE TH I IT- WALL CYLINDERS 




07 



D CROSS SECT I OF 



IN CO MB I USD PURE BIND IITG AND TORSION 



By A. tf, Sherwood 



SUMMARY 



The remit? of tests of 56 cylinders of D cross 
section conduct fed in the Aeronautical Laboratory of the 
University of Maryland are presented in this report. 
These cylinders were subjected to pure "bending and tor- 
sional moments of varying proportions "to give the strength 
under combined loading conditions. The average buckling 
stress of these cylinders fatas been related to that of 
circumscribing circular cylinders for conditions of pure 
torsion and pure bending and the eouation of the inter- 
action curve Ha! been determined for conditions of com- 
bined loading. 



The test specimens were -formed by riveting together 
thin s.emicylindr i cal sheets of aluminum alloy to fabri- 
cated channels of the same thickness in such a way that 
the web of the channel formed a diameter of the cylinder. 
The specimens were carefully cut and fitted over the end 
bulkheads through which the loads were applied and were 
held in place and riveted with the aid of a simple jig. 
The rivets were spaced on •f-inch centers and it was ob- 
served during tests that initial buckles of the specimens 
occurred as frequently at rivets- as between them. The tests 
were conducted on cylinders fabricated of two- sheet" thick- 
nesses, two sizes of cross section, and with lengths vary- 
ing from 3 tc 20 inches. The specimens were carefully in- 
spected prior to test to insure a close fit on the end 
bulkheads and the absence of wrinkles. 



SPECIMENS 
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MATERIAL 



The 34S-T sheet used in" these tests was supplied in 
nominal thiefenesses of 0 0 01 25 inch and 0,080 inch by the 
Aluminum Company of America.-' The average thickness of 
the sheet used in each specimen was determined "by means of 
a dial gage graduated in t en- thousandths mounted on a 
special jig. The average of readings at three or four 
points on each soecimen is recorded in the data. It was 
found that the average deviation from mean values of 0 0 0115 
inch and 0,0132 inch for the two thicknesses used was less 
than 0,0001 and so these average values were used in all 
calculations . 

The modulus of elasticity was determined from meas- 
urements made on four specimens of each thickness milled 
accurately to a 1-g-inch width. The grips were fastened 
to the 3pecimen with five machine screws passing through 
jig drilled holes and loaded through pin joints as shown 
in figure'6. The free distance between grips was 3-| 
inches. 

Loading was applied in a testing machine with strain 
measured by means of a Tuckerman strain gage mounted on 
one side of the sheet only , This procedure was felt to 
be justifiable since the specimens were carefully in- 
spected for bends and wrinkles and the strain was not 
read until an initial stress of at least 2000 pounds per 
square inch was applied* 

' An average value of 10,5 x 10 6 val' obtained for the 
thinner sheet" and 10,9 x 10 6 for the thicker sheet. 



APPARATUS AND METHOD 



•'•The testing machine that was used appears in figures 
2a and 2"b . This design is very similar to the one used 
by Donnell in his tests on circular cylinders (reference 
1), The loading was accomplished with accurately cali- 
brated lead weights, which were applied in increments of 
less than 2 percent of estimated load at failure. Fric- 
tion was kept negligibly small through the use of ball 
universal joints and -knife edges at all points subject to 
relative motion. The specimens were clamped to formed 
bulkheads consisting of a plywood core between two plates 
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of .^-inch steel accurately machined to the half-circle 
contour. A flexible steel band encircled and clamped the 
specimen in place with a steel strip supporting the legs 
of the channel section agninst -collapse. It will be noted 
that the toraue arm is so positioned with. respect to the 
universal joint that a toraue load will produce a small 
bending moment as well. This moment- was counteracted by 
the application of an appropriate bending load for the 
specimens tested in pure torsion. 

In examining the method of application of the exter- 
nal loads , it will be noted that the bending .moment is : 
constant along the test specimen and that there is there- 
fore no transverse shear which might otherwise combine 
with the shear stresses Owing to torsion producing fail- 
ure at lower loads. In addition, one end of the machine 
is supported on rollers precluding an axial load which 
would otherwise produce a stress which would combine with 
the bending stress. On the other hand, the method of 
clamping the specimens to the end bulkheads produced 
secondary bending stresses which, to some extent, affected 
the results. This error is considered negligible in the 
analysis to follow since the specimens tested were fitted 
very carefully over the end bulkheads with no perceptible 
wrinkles resulting from the tightening of the clamps. 
Several specimens were rejected prior to test because of 
failure li this regard, 

In the specimens tested in "Dure torsion a diagonal 
wrinkle appeared in the web of the specimen at a very low 
load and continued practically unchanged until failure. 
Most of these failures appeared very near- th'e clamps. 

In the* case of the- failure^" o"f the specimens in pure 
bending, a ripple^ appear ed in the legs of ' the channel and 
the final buckle developed on the compression side of the 
specimens- almost anywhere between the' clamps. 

Ju-dgin-g by. the relative movements- of th'e torque and 
b ending-moment arms of the machine up to failure, the - 
failure was due primarily to torsional shear wherever the 
f orsi onal-str ess" ratio ' % , as' indicated in figure 7, was 
greater than 0.25.. : ••' "• : 

DISCUSSION OF RESULTS 



Since the author found only one other reference to 
tests on thin tubes of this type, it was considered 
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d'psira"ble to relatf the sirengi&s of these tubes to those 
of circular cylinders. 

The unit shearing stress resulting from the applica- 
tion of a torsional lead was calculated "by the iafailiar 

m 

formula St = — — where T is the toraue load at failure 
2At 

A is the enclosed area of the median line of the section, 
and t is the average thickness of the sheet. The unit 
shearing stress S, determined in this way from test re- 
sults, was then compared with the shearing stress of a • 
circumscribed circular cylinder of the same material and 
thickness as giver, by the modification' of Donnell's for- 
mula appearing in the AKC~5 (formula 1:51.): 



6/4 /Tx i/: 



J VD 



S 



diameter of cylinder 
thickness of 'cy 1 inder 
length of cylinder 
^ unit "buckling stress 



K constant t 

S modulus of 'elasticity 

As shown on figures 7 and 8., the test results agree 
satisfactorily with the values calculated "by the above 
formula using a value of K = 0,9.0.' .In Donnell's report 
(reference 1 •) the corresponding value of K is given as 
0,94 fcr circular cylinders to give comparable average 
buckling' stresses. It will be noted "by referring to fig- 
ure 8 that the above equation with the modified K value 
is not equally satisfactory for all values, of L/r, but 
it is felt that the difference 'i? not great enough to 
warrant a change in Donnell 1 p formula, 

In computing the unit maximum -compressive stress of 
the specimens resulting from the application of bending 
loads, the familiar flexure formula was used: f-^ = MC/l. 
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This assumes that the stress varies linearly with the dis- 
tance from the neutral axis, which is not in serious er- 
ror since there is very' little deflection or distortion, of 
the cylinder prior to failure. 

In developing a practical method for calculating the 
buckling unit stress of cylinders of this' shape, refer- 
ence was again made to the treatment of circular cylinders. 
A relation- has "been developed "by Lundauist in NACA Tech- 
nical Note No, 47S for the "buckling unit stress ( S b ) of 
a circular cylinder in compression as follows: 

S b = *b S 

X b nondimens i onal coefficient depending on r/t ratio 
and imperfections of cylinder 

1 modulus of elasticity of material 

In this technical note, the close parallelism between 
the Ruckling of a thin-wall Circular . cylinder intending 
and in compression is shown. Reference is made to NACA 
Heport No. 473 by the same author, which proposes the equa- 
tion S c = K C E . for the strength of circular cylinders in 
Compression*. -Values of K Q can he taken from curve C in 

figure 7 for minimum values of the "buckling compressive 
stress corresponding to varying r/t ratios. As a re- 
sult of these tests, it was suggested that values of 

for buckling-berxding stresses, be taken 30 to 80 percent 
higher than corresponding values of K Q . In the analysis 

of these bending tests, it was concluded that the effect of 
tne L/r ratio on the strength was completely' overshadowed 
by the effect, of. initial imperfections' in the range tested 
(L/r from 0,25 to. 5.0). ... 

Referring to. figure 9, .it willbe noted that the value 
of is a. much smaller percentage of K Q than for cir- 

cular cylinders. T.his- is not su.-r r> r i s i n g since the web 
and the outstanding legs of the channel section wrinkled 
early i n the tests and appeared to be taking very little 
of the load while over 50 percent of the mo-ment of inertia 
of the section (l) is contributed by the channel. The D* 
section cylinder is therefore, a much 1-ess efficient struc- 
tural member than the circular cylinder for bending loads. 
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Figure 9 ale o shows a very marked decrease Ixi strength 
With an increase in the L/r -ratio. It will be noteo., 
however r . that the r'^nge is greater (L/r from 2 ivo 14) than 
for the cylinders tested "by Lundquist. •• 

For application to desig-n- problems, ■ it - was considered 
most satisfactory to present these results in the form of 
an interaction, curve. In order to define this curve for a 
D-section cylinder of any dimensions, it is necessary to 
establish its. strength in pure bending (ftp, .= l) and pure 

torsion (Rjj .= l) • and the equation cf the intermediate 



curve where the stress ratios 
follows : 



and 



are defined as 



fb 



I 



St 



f v unit bending stress at failure for cylinder subjected 
to combined loading, pounds per square inch 

unit bending stress at failure for cylinder subjected 
to bending alone , pounds per square inch 

Sip. unit shear stress at failure for cylinder subjected 
to combined loading, pounds per square inch 

unit shear stress at failure for cylinder subjected 
to shearing stress alone, pounds per square inch 



As previously, outlined, the value of t ^ is 



found 



to agree closely with' the calculated result obtained from 
Donnell ! s formula applied to a circumscribed 'circular cyl- 
inder of the same thickness and length, using . K = 0.90. 



In the same way 



3 b 



may be calculated as a percentage 



of the buckling stress of a corresponding circular cylin- 
der in bending.' This percentage varies with the L/r 
ratio of the cylinders as shown in' figure -9 # 



' ■ The test result's are' shown Ir t'ti'e'f orm of an inter- 
• action curve in 'figure 7 0 ' 'The -pattern of the points is 
••seen to foll'o'w a circular arc fai" .y closely. It may be 
•observed' that the points with -the' greatest scatter from 
this curve correspond to specimens 1 to 12, This is be- 
lieved to be due to tv.ro causes: 
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(1) The first specimens were not as expertly fab- 
ricated as later ones. While there were no percepti- 
ble wrinkle? , technique in using the riveting hammers 
and "bending tools was "being acquired and small irregu- 
larities and imperfections may have resulted. 

(2) The .renter radius of curvature of these spec 
imens makes them more sensitive to small imperfections 
and eccentricities. 



CONCLUSIONS 

1. The average buckling stress in "cure torsion of 
the D-section tubes tested can be calculated by applying 
Donnell ! s formula to circumscribing circular cylinders of 
the same dimensions and material: 



Lt = ~~ ~ K ss 0,90 for hinged ends 

D \ 5 / 4 [ - 1 / 2 

5" 

2. The average buckling stres:s in pure bending can 
be computed with -the formula I 

S^ D = K-^E (E = modulus of elasticity of material). 

is riven as a varying percentage of K Q with the L/r 

ratio as shown on figure 9 of this report. K c in turn 

is proportional to the buckling stress of a circumscribed 
circular cylinder of the same dimensions in direct compres- 
sion as obtained from curve C of figure 7 in NACA Report 
No. 47 3. 

3. The average buckling strength for D-section cyl- 
inders subjected to combined torsion and pure bending 

can be represented by an eouation of the form Rt} 2 +Riji 3 = 1, 

Rg is the ratio of the average bending stress at failure 
to the calculated stress in pure bending and Rrp is the 
ratio of the average shearing stress at failure to the cal- 
culated shearing stress. The minimum strength in combined 
loading can practically be represented by the equation 

R3 8 + R T 3 = (0.83) 2 . 



University of Maryland, 

College Park, Md. , April 1943. 
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TABULATION OF RESULTS 



"D n SECTION REPORT. 



Spec . 
Ho. 


Inner 
Radius 
In. 


Thick- 
ness 
In. 


Effec- 
tive 
Length 
In. 


Ulti- 
mate 
Torque 
"#s 


- 

Ult . 

Bend. 
Moment 
"#s 


Tor- 
sional 
Stress 
#/inS 


Bend • 
Stress 


Cal cu. 
Tor- 

Stress 
tf/ ±n 


Kjcx lO U.« 

Comp« 

O 4~ "VO s~\ r~\ r*> 

if/ m<= 


K B 

¥ 

% 


Torque 

coo 

Ratio 


Bend. 

Stress 

Ratio 

Rb 


1 


2.53 


.0115* 


20.375 


208 


1415 


900 


5070 








.383 


.728 


2 




.0115 


« 


128 


1845 


555 


6610 








.242 


.947 


3 




.0110 




0 


1830 


0 


6730 




13650 


51.2 


0 


.964 


4 




.0115* 




58 


1484 


251 


5320 








.108 


.76 


5 


tt 


.0115* 




600 


165 


2600 


591 


233S 






1.12 


.086 


6 


n 


.0109 




428 


422 


1850 


1510 








.79 


.219 


7 


n 


.0110 


■ 


328 


1060 


1420 


3790 








.608 


.549 


8 


it 


.0115* 


» 


520 


725 


2250 


2600 








.966 


.372 


9 


N 


.0112 




128 


1845 


555 


6610 








.242 


.947 


10 


II 


.0112 




0 


1922 


0 


6900 




13650 


51.2 


0 


.987 


11 


n 


.0115* 




580 


380 


2510 


1360 


2338 






1.07 


.196 


12 


■ 


.0115-::- 




328 


1220 


1420 


4360 








.61 


.626 


13 


1.5 


.0114 


9 


398 


293 


4900 


3195 








.942 


.254 


14 


tt 


.0114 


9 


455 


99 


5600 


1079 


5180 






1.08 


.087 
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Spec. 

"NT fs 


XIJ.1 1^5 J- 

Radius 
In. 


Thick- 
ness 
In* 


r 

i 

Ef f ec- ! 

tive 
Length 


Ulti- 

mate 
Torque j 

7/ » 


j 

Ult. 
Bend • 
Moment 

if ^ 


l 

Tor- 
sional 
Stress 
///in 2 


i 

Bend. 

Stress 

#/in 2 

1 

I 


Calcu. 
Tor- 

s i ona 1 
Stress 
#/in 2 

77 / 


— r 

Calcu. 1 
Comp. 

Stress 

s c= K cg 
#/in 2 

7/ / J - A - L 


K B 


Torque 
Stress 
Ratio 

^T 


Bend. 

Q+- pfl qq 

Ratio 

R 

n B 


15 


l.o 




Q 


o 


1130 


0 


12260 




23100 


55 


0 


.97 


16 


d 


• UllO 


11 


455 


99 


5600 


1072 








1.07 


.087 


1 / 


11 


m i pj i 


u 


328 


548 


4040 


5950 








.775 


.47 


18 


II 


• UJ-IO 


11 


375 


488 


4620 


5300 








.88 


.42 


19 


(1 




11 




714 


4540 


7750 








.83 


.62 


20 


ft 
11 


• 0114 


II 




784 


3760 


8500 








.77 


.68 


21 


If 


.0113 


II 


cop 


Z) 1U 


2800 


9900 








.54 


.78 


22 


II 


• Ul lo 


11 




592 


4200 


6420 








.81 


.51 


23 


II 




If 


114 


1135 


1400 


12310 








.266 


.97 


24 


n 


.0114 


II 


0 


1070 


0 


11600 




23100 


55 


0 


.92 


25 


n 


.0117 


II 


0 


1235 


0 


13400 




23100 


55 


0 


1.06 


26 


i< 


.0116 


11 


0 


1230 


0 


13350 




23100 


55 


0 


1.05 


27 


H 


.0113 


11 


398 


524 


4900 


5680 








.95 


.45 


28 


l! 


.0117 


\\ 


285 


738 


3500 


8000 








.67 


.63 



*> 
o 
> 

CD 

o 

I 

O 
P> 



O 
(D 

O 



CD 
O 
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"D" SECTION REPORT 



Sp6 C • 

No. 


Inner 
Radius 
In. 


Thick- 
ness 
In. 


Effec- 
tive 
Length 
In. 


Ulti- 
mate 
T or que 
«#s 


Ult. 
Bend. 
Moment 

"#3 


"1 

Tor- 
sional 
Stress 
#/in S 


Pond - 

Stress 


Calcu. 

sional 

O w J- Coo 

#An 2 


Calcu. 
C omp • 

Stress 

O 77" TP 

S 0 =K 0 E 

l/in2 


K B 

i 


Torque 
Stress 
Ratio 

Rrp 


Bend . 

Stress 

Ratio 

R B 


29 


1.5 


.0117 


9 


171 


966 


2100 


10530 








.41 


.83 


30 


li 


.0182 


* 


0 


3400 


0 


23300 




38200 


55 




1.11 


31 




.0181 




125C 


326 


9700 


2235 


9430 






1.03 


.106 


32 


n 


.0183 




1090 


1376 


8450 


9430 








.90 


.45 


33 


M 


.0182 


■ 


940 


1835 


7290 


12580 








.77 


.596 


34 


U 


.0180 




845 


1604 


6550 


11000 








.70 


.524 


35 


TT 


.0185 




627 


2476 


4860 


16950 








.51 


.81 


36 


H 


.0181 




467 


3238 


3620 


22190 








.38 


1.05 


37 


ft 


.0184 




318 


3057 


2462 


20900 








.261 


1.00 


oc 


n 


. UJ-Ol 








1 91 O 












i no 


59 


ti 


.0131 




1180 


308 


9150 


2110 


9430 






.97 


.102 


40 


ii 


.0184 




0 


3170 


0 


21700 




38200 


55 


0 


1.03 


41 


ii 


.0180 




0 


3200 


0 


21900 




38200 


55 


0 


1.05 


42 


»» 


.0113 


3 


674 


0 


8280 


0 


9000 






.92 


0 



> 

o 

CD 
O 
& 

H* 
O 



o 

CT 

CD 
O 



CD 
O 



TABULATION OF RESULTS 
"D" SECTION REPORT 



Spec, 
No. 



43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 
56 



Inner 
Radius 
In. 



1.5 
M 
II 
(I 
ti 
(I 
tt 



II 
II 



Thick- 
ness 
In. 



.0116 

.0116 

.0118 

.0117 

.0116 

.0117 

.0116 

.0114 

.0115 

.0115 

.0113 

.0116 

.0115 
.0115 



Effec-j Ulti- 
tive mate 



Length 
In. 



3 
3 

rz. 

3 
6 
6 
12 
12 
15 
15 
20 
20 

9 

9 



Torque 
"#s 



696 
627 

0 

0 

0 
535 
421 

0 

0 
444 
306 

0 

445 
466 



Ult. | Tor- 
Bend. | sional 
Moment i Stress, 
"#s #/in< 



0 
0 

1384 
1348 
1258 

0 

0 

1082 
1046 
0 
0 

990 

0 

0 



8560 
7720 

0 

0 

0 

6570 
5180 

0 

0 

5450 
3765 
0 

5470 
5740 



Bend. 

Stress 

#/in 2 



0 
0 

15100 
14690 
13700 
0 
0 

11800 
11400 
0 

0 

10800 

0 
0 



Calcu. 

Tor- 
sional 
Stress j 



9000 
9000 



6370 
4500 



The 



thickness of these 5 specimens was not measurer* 



so 



4020 
3495 

5180 
5180 

average 



Calcu* 
Comp. 
Stress 

ft /in* 


c 

% 


Torque 
Stress 
Ratio 
Rip 


Bend. 
Stress 
Ratio 

R B 







.95 


0 






.86 


0 


23100 


64.5 


0 


1.01 


23100 


64.5 


0 


.98 


23100 


59.5 


0 


1.00 






1.03 


0 






1.15 


0 


23100 


51.5 


0 


1.00 


23100 


49 


0 


1.01 






1.35 


0 






1.07 


0 


23100 


52 


0 


.997 






1.06 


0 






1.11 


0 


values 


were 


assumed. 



Spec icons' v ■ 


L J 


L * _] 


1 




1213.53' 


20.375 


.01151 


is 




29 1.50 


9.00 


.01151 


~W 




H 1.50' 


9.00 


.0182 


42 




46 1.50 


3 .00 


1.0115" 






48 1.50 


6.00 


".©115 


" 49 




50 1.50 


12.00 


:oii5 


51 




52 1,50 

54 l!U50 


15.00 


. ,115 


53 




20.00 


.0115 


' 55 




56 1.50 


9.00 


1.0115 



Rivets' 




! T oto: A - 1" Clamp width 



Figure Lg- retails of M D" sections. 
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Figs. 2b, 3 
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Fig. 4 




(4b) 

Figure 4^.,b). - Two views of failure in pure bending. 
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Fig. 5 
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Fig. 6 




Figure 6.- Use of a Tuckerman optical strain gauge in deter- 
mination of the modulus of elasticity of the 
sheet. The pin ended clamps were used to insure against 
eccentricity of the applied load. 




Figure 7.- Interaction curve for combined bending and torsion. 
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30001 




5000 



3000 



Calculated torsional stress. 



2000 



2 4 & y'r 8 10 12 

Figure 8.- Effect of i/r ratio on truckling torsional stress. 
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I 

K c from curve C, technical report ITo, 473 
for circumscribing circular cylinders in 
compression 




8 10 12 



Figure 9.- Effect of g ratio on 
str&ngtn in pure 

"bendLing. 



